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The single-impurity Anderson model has been the focus of theoretical studies of molecular junc-
tions and the single-electron transistor, a nanostructured device comprising a quantum dot that
bridges two otherwise decoupled metallic leads. The low-temperature transport properties of the
model are controlled by the ground-state occupation of the quantum dot, a circumstance that recent
density-functional approaches have explored. Here we show that the ground-state dot occupation
also parametrizes a linear mapping between the thermal dependence of the zero-bias conductance
and a universal function of the temperature scaled by the Kondo temperature. Careful measure-
ments by Grobis and co-workers are very accurately fitted by the universal mapping. Nonetheless,
the dot occupation and an asymmetry parameter extracted from the same mapping are relatively
distant from the expected values. We conclude that mathematical results derived from the model
Hamiltonian reproduce accurately the universal physical properties of the device. In contrast, non-
universal features cannot be reproduced quantitatively. To circumvent this limitation, ab initio
studies of the device at high energies seem necessary, to accurately define the model Hamiltonian.
Our conclusion reinforces findings by Gross and coworkers, who applied time-dependent density-
functional theory to show that, to describe the low-energy properties of molecular junctions, one
must be able to describe the high-energy regime.
I. INTRODUCTION
Molecular junctions and analogous elementary nanos-
tructured devices have motivated a great deal of ex-
perimental and theoretical research [1–4]. Archetypi-
cal among such systems is the single-electron transistor
(SET), a quantum dot or molecule (dot, for briefness)
bridging two otherwise decoupled 2D electron gases or
metallic leads (leads) [5–8]. That the single-impurity An-
derson Hamiltonian would model the transport proper-
ties of the device was realized well before the first SET
was manufactured. Two corollaries emerged. First, in
view of the universal properties of the Anderson Hamil-
tonian, quantitative interpretation of experimental data
was envisaged. Second, given that the dot occupa-
tion controls the ground-state transport properties, the
model invited Density-Functional Theory (DFT) treat-
ment. With the invitation, alas, came a challenge.
A formidable barrier faces density-functional theorists
interested in molecular junctions or SETs. A crossover
separates the high-energy properties from the low-energy
properties. The crossover is refractory to perturbative
treatment. Only special methods can treat it.
At first, difficulties other than the crossover attracted
attention [9]. DFT is centrally concerned with the
ground state; research was therefore focused on the
low-temperature behavior, the transport properties be-
ing computed via Landauer-Büttiker formalism [10].
With a view to developing trustworthy approximations
for the exchange-correlation functional, accurate special
results such as Density-Matrix Renormalization-Group
data [11], the Friedel sum rule [12], the behavior of an
isolated impurity in the low-temperature limit [13], and
Bethe-Ansatz results for the ground-state occupancy of
the Anderson-model impurity [14, 15] were invoked.
In this charged environment, the obstacle that lay
ahead might have been disregarded, had Hardy and col-
laborators not issued the heads up. In an inspiring re-
port, they showed that, unlike static DFT, the time-
dependent formalism (TD-DFT) can climb the crossover
[16], i.e., it can describe the high-energy region, from
which the system inherits its low-energy properties. In
the wake of this news came a sequence of developments
that opened inroads towards the solution of the non-
equilibrium problem [13, 17–19].
This remarkable progress notwithstanding, some of the
work that was done after Ref. [16] came to light indicates
that Hardy’s message has not come across clearly. An-
other shot seems in order.
The complexity of the crossover and its relation to
high- and to the low-temperature properties can be per-
ceived from another perpective, rooted in physical con-
siderations. The crossover is due to the formation of the
Kondo cloud. At high energies, if the gate voltage at-
tracts an odd number of electrons, the dot acquires a
magnetic moment. The dot moment is antiferromagnet-
ically coupled to the moments of the nearby lead elec-
trons. As the temperature T is lowered past a character-
istic temperature TK (the Kondo temperature, typically
of the order of 1 K), a cloud arises in the leads that cou-
ples with the dot spin to form a singlet. Below TK , the
entanglement between the dot and lead electrons allows
ballistic conduction across the device.
The cloud is large. The correlation length grows as the
temperature is reduced, i.e., as the Hamiltonian crosses
over from the high- to the low-temperature regimes, and
may exceed 1µ. Such long lenghts introduce non-local
effects that simple approximations to the static exchange-
correlation functional are unlikely to capture. Discussion
of the DFT approach from a strategical perspective seems
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2therefore warranted. Along that line of reasoning, the
crossover merits special attention.
We find convenient mathematical expression of the
transition in the thermal dependence of the transport
properties of the model Hamiltonian. Here, we show that,
even when external potentials are applied to the leads,
temperature-dependent zero-bias electrical conductance
maps linearly onto a universal function. Like the low-
energy properties, the mapping is parametrized by the
ground-state expectation value for the dot occupation.
How reliable is this universal relation? The map-
ping has been thoroughly checked against Numerical
Renormalization-Group data [20]. The accurate exper-
imental data reported by Grobis et al. [21] pose a more
trying test. Reference [21] systematically applied a se-
quence of gate voltages at various temperatures to span
the Kondo regime. We fit the thermal dependence at
each gate voltage with the universal expression and ex-
trapolate the experimental data to temperatures T  TK
and the T  TK . The extrapolations determine the con-
ductance at temperatures well outside the experimentally
accessible thermal range. They also determine the Kondo
temperature and ground-state dot occupations as func-
tions of the gate potential. The comparison shows that
the universal properties of the model Hamiltonian repro-
duce the experimental data quantitatively. By contrast,
the nonuniversal properties agree but qualitatively with
parameters derived from the experimental results.
We conclude that accurate diagonalization of a sim-
plified Hamiltonian is sufficient to describe the crossover
to the low-temperature regime, while ab initio treatment
is necessary to describe other aspects of the experiment.
To draw attention to the practical implications of this
conclusion, we recall the renormalization-group argument
showing that the high-energy spectrum is approximately
reproduced by a single-particle Hamiltonian devoid of
characteristic energies [22]. The similar spectra open an
opportunity for DFT descriptions of the device at high
energies, which can be combined with a nonperturbative
treatment of the crossover to reach the low-temperature
regime.
The paper is structured as follows. Section II defines
the model Hamiltonian and cursorily derives the general
expression for the zero-bias conductance. Section III dis-
cusses the characteristics energies of the model and the
special regimes they define and then discusses the map-
ping of the conductance to a universal function. Section
IV shows that the mapping fits experimental data quanti-
tatively and compares the resulting dot occupancies with
expected values. A summary section caps the text.
II. CONDUCTANCE
Our analysis slightily extends the work of Yoshida et al.
[20], who showed that the thermal dependence of the SET
conductance in the Kondo regime maps linearly to a uni-
versal function of the temperature scaled by the Kondo
temperature. The linear coefficient is a trigonometric
function of the ground-state phase-shifts induced by the
screening of the dot moment. Here, we will allow for an
external potential applied to the leads and take advan-
tage of Friedel’s sum rule to relate the phase shifts to the
T  TK and T  TK occupations of the dot orbital.
The schematic drawing in Fig. 1 defines the model.
(For a micrograph of the modeled device, see Figure 1(a)
in Ref. [21].) The quantum dot, at the center of the
figure, is coupled to the left (L) and the right (R) leads
with couplings VL and VR, respectively. The dot-level
energy, and hence the dot occupancy are controlled by
the gate potential VG.
VG
L R
VRVL
FIG. 1: (Color online) Single-electron transistor. The quan-
tum dot is asymmetrically coupled to the left (L) and the right
(R) leads, with couplings VL and VR, respectively. The gate
potential VG controls the dot energy. The arrows indicate the
direction of conduction
The Anderson Hamiltonian modeling the device in
Fig. 1 reads
HA = Hd +
∑
k,α=L,R
kc
†
kαckα +
W
N
∑
k,q,α=L,R
c†kαcqα
+
∑
α=L,R
Vα√
N
(c†dckα + H. c.). (1)
with implicit spin sums throughout. As usual, the dot
Hamiltonian Hd comprises a Coulomb repulsion U and
a dot energy VG, defined by the gate potential. The
two structureless conduction bands in the first term on
the right-hand side represent the left- (α = L) and
the right-hand (α = R) leads. The normalized sum
(1/
√
N)
∑
kα ckα defines the Wannier state in lead α to
which the dot level cd is coupled.
The second term on the right-hand side of Eq. (1)
represents equal external potentials applied to the same
Wannier states. The potentials must be identical to
maintain equilibrium, but the application to the or-
bitals coupled to the dot is by no means restrictive.
Renormalization-group theory proves that substitution of
a momentum-dependent form
∑
k,q,αWkqc
†
kαcqα for the
second term on the right-hand side would only add irrel-
evant terms to the Hamiltonian [22, 23].
3Such irrelevant operators would contribute to physical
properties at high energies. For decreasing temperatures,
however, the contribution would decay in proportion to
T , or more rapidly, and by no means affect the universal
properties of the model. For practical purposes, there-
fore, Eq. (1) is sufficiently general.
A. Decoupling of the model Hamiltonian
It is straightforward to construct linear combinations
of the operators ckα (α = L, r) that are decoupled from
the quantum dot [24]. To this end we define the orthonor-
mal Fermi operators
ak =
VLckL + VRckR
V
(2)
bk =
VRckL − VLckR
V
, (3)
where
V ≡
√
V 2L + V
2
R. (4)
Projected on the basis of ak’s and bk’s, the Hamilto-
nian (1) reduces to the form
HA = H + H¯, (5)
where
H¯ =
∑
k
kb
†
kbk +
W
N
∑
k,q
b†kbq, (6)
and
H = Hd +
∑
k
ka
†
kak +Wf
†
0f0 + V (c
†
df0 + H. c.), (7)
with the shorthand
f0 =
1√
N
∑
k
ak. (8)
The right-hand side of Eq. (7) is the standard expres-
sion for the single-impurity, single-band Anderson Hamil-
tonian [25]. The second band, defined by Eq. (6), is de-
coupled from the quantum dot and can be disregarded,
for nearly all applications. Exceptions are the transport
properties, to which the bk’s contribute. To compute the
zero-bias electrical conductance, for example, one must
apply an infinitesimal bias
Hµ = ∆µ
∑
k
(
c†kRcR − c†kLckL
)
, (9)
between the L and the R leads.
Projection of Eq. (9) upon the basis defined by Eqs. (2)
shows that Hµ couples the ak’s to the bk’s. Likewise, the
current operator Iˆ = dqˆR/t, where qˆR is the electrical
charge in lead R, couples the ak’s to the bk’s. Standard
linear response theory links the conductance G to the
commutator between the bias Hamiltonian Hmu to the
current Iˆ.
This considered, one can follow the algebraic manipu-
lations in appendix C of Ref. 20 to show that
G(T ) = κpiG2ΓW
∫ (
−∂f
∂
)
ρd() d, (10)
where ρd() is the cd-level spectral density, f() is the
Fermi function,
G2 ≡
2e2
hc
(11)
is the quantum conductance with two spin channels,
ΓW =
piρV 2
1 + pi2ρ2W 2
, (12)
and
κ =
VLVR
V 2
. (13)
The asymmetry index κ is a dimensionless factor that
modulates the conductance. The modulus is unitary for
symmetric couplings, VL = VR, and shrinks as the cou-
pling asymmetry grows. To simplify the following theo-
retical analysis, we define the reduced conductance
G¯ ≡ G
κ
, (14)
so that Eq. (10) reads
G¯(T ) = piG2ΓW
∫ (
−∂f
∂
)
ρd() d. (15)
III. CHARACTERISTIC ENERGIES AND
FIXED POINTS
The spectral density ρd is a function of energy and
temperature. Since the Hamiltonian (6) is decoupled
from the dot, we only have to diagonalize H to com-
pute ρd and determine the conductance from Eq. (15).
The computation is simple in special regimes, defined by
the characteristic energies of the Hamiltonian.
In the absence of the potential W , the coupling to the
leads broadens the dot level to the width
Γ = piρV 2. (16)
The potentialW reduces the broadening, as indicated by
Eq. (12).
4If the width Γ were zero, the dot occupation nd would
be conserved. The dynamics of the device would then be
controlled by the eigenvalues E`d (` = 0, 1, 2) of Hd. The
d0 eigenstate would have energy E0d = 0, the d
1
↑ and d
1
↓
eigenstates (where the subscript indicates the Sz eigen-
value) would have energy E1d = VG, and the d
2 eigenstate
would have energy E2d = 2VG + U .
We are centrally interested in the gate-voltage range
making E1d smaller than E
0
d and E
2
d , i.e., in the range 0 >
VG > −U . In this interval, the dot acquires a magnetic
moment µB . The interval is limited by the two charge-
degeneracy points, associated with voltages V 0→1G = 0
and V 1→2G = −U . At the middle of the interval is the
symmetric point, attained when the gate voltage is V 1G =
−U/2.
With no coupling, conduction would be impossible.
With small coupling ΓW  |VG|, ΓW  U , charge trans-
port is barred by an energy barrier ∆Ec = min{|VG|, U+
VG}, except within a gate-voltage range of width ΓW
of either charge-degeneracy point. The barrier ∆Ec is
known as the Coulomb blockade.
At moderately high temperatures, such that thermal
energy kBT lies in the interval ∆Ec  kBT  TK , the
width Γ can be disregarded, the dot occupation is ap-
proximately conserved, and the Coulomb blockade con-
trols the physics of conduction—the Coulomb blockade
regime. Assuming that the width D of the conduction
bands exceeds U , we can see that the thermal energy is
incommensurate with the other energy scales of the prob-
lem. Physically, the model Hamiltonian is then approxi-
mately equivalent to the local-moment fixed-point Hamil-
tonian H∗LM obtained by letting D,U →∞, VG → −∞,
and Γ→ 0 in Eq. (7).
The local-moment fixed-point fixed-point Hamiltonian
is equivalent to a dot with unitary occupation and mag-
netic moment µB decoupled from conduction band of
non-interacting electrons. The Hamiltonian reads
H∗LM =
∑
k
ka
†
kak +Wf
†
0f0 . (17)
where the superscript reminds us that the fixed-point
Hamiltonian is devoid of characteristic energies.
H∗LM is an idealized Hamiltonian whose many-body
spectrum is approximately equal to the energy spectrum
of the Hamiltonian H in the range ∆Ec   ΓW . The
dot level makes no contribution to the right-hand side.
Still, the dot level has a spin-1/2 degree of freedom, which
we will denote ~S.
The conduction band is phase shifted by the potential
W , i.e., each single-particle eigenstate acquires a phase
shift δW , given by the expression
tan δW = −piρW. (18)
Depending on W , the phase shift can take any value in
the interval −pi/2 ≤ δ/2 ≤ pi/2. The LM fixed-point
Hamiltonian can be visualized as a point with phase shift
δ along a line running from −pi/2 to pi/2.
A. Kondo Hamiltonian
The fixed point is an idealization. In practice, neither
U , nor |VG| are infinite. Even at (moderately) high tem-
peratures, the Hamiltonian H is not exactly the fixed-
point Hamiltonian. The high-energy many-body spec-
trum of H∗LM is only an approximation to the spectrum
of H, because the finite Coulomb barriers allow virtual
excitations to the d0 and d2 dot states.
The virtual excitations induce an antiferromagnetic
coupling between the dot magnetic moment and the mag-
netic moments of the conduction electrons [26]. A more
precise representation of the high-energy spectrum of H
comes therefore from the equation
HK =
∑
k
ka
†
kak + W˜f
†
0f0 + J
~S ·
∑
µ,ν
~σµνf
†
0µf0ν , (19)
where the components of ~σ are the Pauli matrices, and
the coefficientes of the second and third terms on the
right-hand side are given by the Schrieffer-Wolff expres-
sions [26]
ρW˜ = ρW +
Γ
VG
+
Γ
VG + U
(20)
and
ρJ =
Γ
|VG|
+
Γ
VG + U
. (21)
Equation (19) defines the Kondo Hamiltonian. For
thermal energies that are small in the scale of the
Coulomb blockade, the spectra of H and HK are approx-
imately congruent. The right-hand sides of Eqs. (20) and
(21) become very large in absolute value near the charge
degeneracy points VG = 0 and VG = −U .
Near the symmetric point, by contrast, as long as Γ
U there is a range of gate voltages such that Γ  |VG|
and Γ U+VG. That gate-voltage range makes ρJ  1
and places the device in the Kondo regime.
The symmetric point lies at the middle of the Kondo
regime. At the symmetric point, the second and third
terms on the right-hand side of Eq. (20) cancel each other,
and the phase shift equals δW . Elsewhere within the
Kondo regime, the phase shift is given by the equality
tan δ0 = −pi
(
ρW +
Γ
VG
+
Γ
VG + U
)
. (22)
Physically, the phase shift is associated with the
screening charge that forms in the vicinity of the f0 or-
bital in response to the potential W and to the coupling
to the quantum dot.
5B. Frozen-level fixed point
If the device is cooled in the Kondo regime, at suffi-
ciently low temperatures the antiferromagnetic interac-
tion between the conduction elctrons and the dot spin
will induce the Kondo cloud. At temperatures well be-
low the Kondo temperature, the dot spin will lock into
a singlet with the conduction-electron spins, which will
freeze the dot-spin degree of freedom.
As a result, at low thermal energies, with T  TK ,
the spectrum of H approaches that of the Hamiltonian
obtained from Eq. (19) when we let J → ∞. The f0
orbital then forms a singlet with the dot spin variable,
and the Hamiltonian becomes equivalent to the quadratic
form
H∗FL =
∑
k
¯ka¯
†
ka¯k + W˜
∑
k,q
a¯†ka¯q, (23)
where the set of the conduction states a¯k and the local-
ized orbital f0 form an orthonormal basis that is com-
plete relative to the original conduction states ak. The
subscript on the left-hand side reminds us that the dot
level is frozen, and the superscript, that H∗FL is devoid
of characteristic energies.
To be orthogonal to f0 the new conduction states a¯k
must deplete the region of the leads next to the quantum
dot. They must therefore be phase-shifted by pi/2 relative
to the ak. It follows that the conduction energies ¯k are
shifted relative to the k:
ρ¯k = ρk −
1
2
, (24)
and that the FL fixed-point phase shift is
δ =
pi
2
+ δ0, (25)
where δ0 is the LM fixed-point phase shift.
C. Fixed-point conductances
To determine the conductance from Eq. (15), we must
compute the spectral density ρd(). An exact expression
relates ρd() to the spectral densities of the linear combi-
nations
∑
k ak and
∑
k kak of the conduction operators
ck [20, 27]. As the model Hamiltonian approaches a fixed
point, the latter two spectral densities can be computed
from the eigenvalues and eigenstates of the fixed-point
Hamiltonian. The diagonalization of the fixed-point,
single-particle Hamiltonians H∗LM and H
∗
FL is straight-
forward. It is therefore a simple matter to obtain the
fixed-point spectral densities [20]
ρ∗d =
1
piΓW
sin2(δ∗ − δW ) (T  TK or T  TK),
(26)
where δ∗ denotes the fixed-point phase shift.
For W = 0, the phase shift δW vanishes and we re-
cover Langreth’s expression for the low-energy spectral
density [28]. Equation (26) is not restricted to low en-
ergies. However, since the LM and the FL fixed points
have distinct phase-shifts, the spectral densities at high
and at low energies are different.
Substitution of the fixed-point results in Eq. (15) now
yields the following expression for the fixed-point con-
ductances:
G¯∗ = G2 sin2(δ∗ − δW ). (27)
D. Thermal dependence of the conductance
If W = 0, the zero-bias conductance at the symmetric
point is a universal function of the temperature scaled by
the Kondo temperature [29, 30]:
G¯(T ) = G2GS(T/TK). (28)
Figure 2 displays the universal function GS as a func-
tion of the ratio T/TK . The condition GS(T = TK) =
G2/2 defines the Kondo temperature. At high (low) tem-
peratures, the Hamiltonian is close to the LM (FL) fixed
point, and the conductance, close to zero (G2). Physi-
cally, the coupling J between the dot and the conduction-
electron spins is so weak that the dot moment is vir-
tually decoupled from the leads. At the symmetric
point the Coulomb blockade imposes the energy barrier
∆Ec = U/2, much larger than the thermal energy. Con-
duction across the device is virtually impossible.
As the temperature is lowered, the Kondo cloud starts
forming. As T drops past TK the electrons within the
cloud bind into a singlet with the dot electron. The bind-
ing is so tight that it allows ballistic transport.
10−4 10−2 1 102 104 106
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FIG. 2: Universal function relating the SET conductance at
the symmetric point VG = −U/2 to the temperature scaled
by the Kondo temperature.
61. Particle-hole symmetry
The symmetric point is special. With W = 0 and
U = −V/2, the Hamiltonian (7) remains invariant under
the particle-hole transformation
cd → −c†d;
ck → c†q. (29)
Here, the momenta k and q are symmetric: given k, one
chooses q such that q = −k.
The particle-hole transformation inverts the sign of the
phase shift δ. Consequently, the fixed-point phase shifts
of the symmetric Hamiltonian can only be δ = 0 or δ =
pi/2. At the high-temperature (LM) fixed point the phase
shift vanishes; at the low-temperature (FL) fixed point
δ = pi/2. It follows from Eq. (27) that, at the symmetric
point, G¯∗LM = 0 and G¯
∗
FL = pi/2, as indicated by the
high- and low-temperature limits in Fig. 2.
2. Linear mapping
An applied potential W , or deviation from the con-
dition VG = −U/2, breaks particle-hole symmetry. De-
pending on the model parameters, the fixed-points phase
shifts can now take any values in the [−pi/2, pi/2] interval.
The LM (FL) conductance will no longer be zero (G2).
Clearly, G¯(T/TK) cannot follow the plot in Fig. 2, nor
can it be proportional to GS(T/TK).
Instead, the conductance maps linearly onto the uni-
versal function [20, 31]:
G¯
( T
TK
)
= αGS
( T
TK
)
+ β. (30)
To determine the linear coefficients α and β, we go
back to Eq. (27). At the FL fixed point, the phase shift
is δ, and the universal conductance reaches G2 as T → 0.
Equation (30) then reads
G2 sin2(δ − δW ) = αG2 + β. (31)
At the LM fixed point, the phase shift is δ0 = δ−pi/2,
and the universal conductance vanishes in the large T
limit. Equation (30) therefore reads
G2 cos2(δ − δW ) = β. (32)
Substitution on the right-hand side of Eq. (31) deter-
mines α and brings Eq. (30) to the explicit form
G¯
( T
TK
)
− G2
2
=
(
G2
2
−GS
( T
TK
))
cos 2(δ − δW ).
(33)
At the symmetric point, withW = 0 the FL phase shift
is δ = pi/2, and Eq. (33) reduces to Eq. (28). Elsewhere
in the parametrical space of the model, the trigonometric
function on the right-hand side is larger than −1. The
low-temperature (high-temperature) conductance is then
positive (smaller than G2). At the Kondo temperature,
the conductance is always G2/2, but the difference be-
tween G¯∗FL and G¯
∗
LM may be significantly smaller than
G2.
3. Phase shifts and occupation
The Friedel sum rule relates the fixed-point phase shifts
to the dot occupation. At the FL fixed point, the occu-
pation nd is proportional to the phase shift induced by
the coupling to the leads. If there were no coupling, the
phase shift would be δW . The induced shift is therefore
δ∗ − δW . According to the Friedel sum rule [28], then,
nd =
2(δ∗ − δW )
pi
. (34)
Equation (33) can now be rewritten in the form
G¯
( T
TK
)
− G2
2
=
(
G2
2
−GS
( T
TK
))
cos(pind), (35)
which shows that the thermal dependence of the conduc-
tance is parametrized by the ground-state expectation
value for the dot occupancy.
IV. COMPARISON WITH EXPERIMENT
In the Kondo regime, Eq. (35) is exact. It is instruc-
tive to compare it with the experimental data reported
in Ref. 21. Equation (14), which relates the experimen-
tal conductance G(T ) to the reduced conductance G¯(T ),
yields the following expressions for the high- and low-
temperature limits of the experimental conductance:
GLM = κG2 cos2
(pind
2
)
, (36)
and
GFL = κG2 sin2
(pind
2
)
. (37)
At intermediate temperatures, the experimental con-
ductance maps linearly onto the universal function. From
Eq. (35) it follows that
G
( T
TK
)
− κG2
2
=
(
G2
2
−GS
( T
TK
))
κ cos(pind). (38)
7A. Experimental data
Grobis et al. [21] have measured the conductance of
a single-electron transistor as a function of temperature,
gate voltage, and bias voltage. We focus on their zero-
bias results. To scan a Kondo plateau, the authors have
accurately measured G on a VG × T grid comprising 34
uniformly spaced gate-voltages, ranging from −212.5 mV
to −196 mV, and 17 temperatures, ranging from 13 mK
to 205 mK. Figure 1(c) in Ref. 21 overviews the result-
ing data. At fixed gate-voltage, the conductance rises
as the sample is cooled, from approximately 0.5G2 at
T = 205 mK to approximately 0.85G2 at T = 13 mK.
The rise is steeper at the middle of the plateau, around
VG = −205 mV.
Qualitatively, we can see that Eq. (38) agrees with
these features of the data. In fact, the agreement is quan-
titative, as illustrated by Fig. 3. Each panel plots the
measured conductance G as a function of the universal
conductance GS for the depicted gate voltage. As long
as the temperature is scaled by the Kondo temperature,
we expect the relation between the two conductances to
be linear.
Since TK is unknown, we proceed by trial and er-
ror. The experimental temperatures are scaled by a trial
Kondo temperature, and linear regression determines the
optimum coefficient κ cos(pind) and intercept κG2/2 fit-
ting G(T/TK) to GS(T/TK). If the linear correlation
coefficient is sufficiently close to unity, we have found the
Kondo temperature. Otherwise, we turn to Newton’s
method for a better estimate of TK , and repeat the pro-
cedure. Convergence yields the Kondo temperature and
the coefficients of the linear fit.
This procedure was applied to the thermal dependence
of the conductance at each gate voltage in the experimen-
tal grid. In each case, the agreement was comparable to
the fits in Fig. 3.
As the plots in Fig. 3 show, the straight lines can be ex-
trapolated to the GS → G2 (GS → 0) limit to yield the
FL (LM) fixed-point conductance GFL (GLM ). Linear
regression therefore determines the high- and the low-
temperature limits of the conductance, which are inac-
cessible in the laboratory.
Figure 4 shows all 34 × 17 ≡ 578 experimental con-
ductances, measured from G(TK) = G2/2, scaled by the
difference G(0) − G(TK) between the extrapolated low-
temperature conductance and the Kondo-temperature
conductance, as a function of the temperature scaled
by TK . To identify the gate-voltage at which each con-
ductance was measured, the inset shows the 34 Kondo
temperatures as a function of VG. The near congruence
between the symbols and the solid line representing the
universal function scaled in the same fashion offers a mea-
sure of the overall harmony between the measurements
and the expected universal behavior in the Kondo regime.
Figure 5 shows the resulting estimates of GFL and
GS
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FIG. 3: (Color online). Conductance G(T/TK) as a function
of the universal function GS(T/TK). The filled squares in
(a) and (b) show the conductances measured in Ref. 21 for
the indicated gate voltages at 17 temperatures ranging from
T = 12.5mK (point closest to the upper right corner) to T =
203mK (closest to the bottom left corner). In each plot, the
indicated Kondo temperature optimizes the linear regression
of G(T/TK) vs. GSET (T/TK), depicted by a solid line. The
horizontal arrows labeled GFL and GLM point to the low-
and high-temperature limits of the conductance, respectively.
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FIG. 4: (Color online) Scaled zero-bias conductance G(T )
(symbols) and universal function GS(T/TK) (solid line), as
functions of T/TK . Each symbol represents the former for
one of the 34 gate voltages VG in Ref. 21. In the inset, the
same symbol shows the corresponding TK .
GLM as functions of the gate voltage. At each gate-
voltage, the limit conductances determine the ground-
state expectation value nd of the dot occupancy and the
8-210 -205 -200
0
0.2
0.4
0.6
0.8
1
VG(mV)
G
/G
2
GFL
GLM
FIG. 5: (Color online) Fixed-point conductances GLM and
GFL as functions of the gate voltage VG. At each gate volt-
age, the LM and FL fixed-point conductances result from ex-
trapolating the G(T/TK) vs. GS(T/TK) plots to GS = 0 and
GS = 1, respectively, as illustrated by each panel in Fig. 4.
asymmetry index κ. To obtain nd from Eqs. (36) and
(37), we compute the ratio
GFL
GLM
= tan2
(pind
2
)
. (39)
To obtain the asymmetry index we compute the sum
GFL
GS
+
GLM
GS
= κ. (40)
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FIG. 6: (Color online) Coupling asymmetry index κ and
ground-state dot-level occupation nd as functions of the gate
voltage VG. At each gate voltage, Eq. (40) determines κ, while
Eq. (39) determies nd.
The resulting dot occupancy nd and asymmetry index
κ are depicted in Fig. 6, as functions of the gate voltage
VG. Both plots have unexpected features. In the Kondo
regime, the ground-state dot occupancy should be close
to unity. Instead, the blue dots in the figure span an
interval ranging from nd = 0.66 to nd = 0.70. The asym-
metry index, expected to be a constant κ ≤ 1, varies
between κ = 1.03 and κ = 1.20.
We conclude that the Hamiltonian (1) cannot describe
the device in Ref. [21] quantitatively. Given the simplic-
ity of the model, which neglects electron-electron inter-
actions within the leads, considers a single, structureless,
half-filled conduction bands, adopts a single level to rep-
resent the quantum dot, and gives no attention to the
spatial dependence of the potentials applied to the leads
or to the momentum dependence of the couplings be-
tween the dot and the leads, the conclusion seems hardly
surprising.
More puzzling is the contrast between the deviations
of Fig. 6 from the expected behavior and the much su-
perior agreements in Figs. 3 and 4. The puzzle, however,
is easily solved. Recall that Eq. (29), besides exact in
the Kondo regime, is universal. Other properties of the
Anderson model, such as the mathematical connection
between the physical features of the device and the LM
Hamiltonian, are nonuniversal. The minimalist, inaccu-
rate description of the physical features is responsible for
the deviations in Fig. 6, while universality protects the
fits in Figs. 3 and 4 from such inaccuracies.
This underscores the call for ab initio treatments of
the device. Consider, for definiteness, the experimen-
tal data by Grobis et al. [21]. While static DFT ap-
proaches may be unable to deal with the crossover from
the LM to FL fixed points, even local approximations to
the exchange-correlation functional should be sufficient
to describe the LM fixed point and determine the LM
conductance. Comparison with the solid blue circles in
Fig. 5 would then test our understanding of the physics
underlying the experimental data.
To examine the same argument from a different per-
spective, consider a local-density description of the LM
fixed point associated with the model Hamiltonian (7).
H∗LM is given by Eq. (17). Since the model conduction
electrons are noninteracting, the exchange-correlation
potential vanishes inside the leads. The Kohn-Sham
eigenstates are the single-particle eigenstates of H∗LM .
DFT therefore yields the phase shift δ = δW . From
Eqs. (14) and (27), the conductance is predicted to van-
ish at high temperatures, in the Kondo regime. At the
symmetric point, this agrees with the plot in Fig. 2. The
prediction nonetheless disagrees, conspicuously, with the
blue solid circles in Fig. 5.
DFT cannot be blamed for the disagreement. True,
the local-density approximation neglects the antiferro-
magnetic interaction with the dot spin and hence misses
the contribution from the last term on the right-hand side
of Eq. (19) and the contribution to W˜ from the last two
terms on the right-hand side of Eq. (20). In the Kondo
regime, however, those terms are small. They cannot
account for the substantial conductances represented by
the blue solid circles in Fig. 5.
The discrepancy is due to the shortcomings of the
model, not to the limitations of the local-density ap-
proximation for the exchange-correlation functional. To
strengthen the argument, we substitute W˜ [given by
Eq. (20)] for W on the right-hand side of Eq. (17). A
9more accurate approximation results, which takes the
spin-independent phase shift induced by dot moment
into account. Notwithstanding the improvement, the re-
sulting conductance is still zero at the symmetric point,
which corresponds to VG ≈ −205 mV in the experimental
setup [21].
The model fails to account for the relatively large LM
conductances resultant from the extrapolations of the ex-
perimental data. A mored detailed description of the ex-
perimental device, based on ab inition computations, is
necessary to describe the LM fixed point.
V. SUMMARY
The single-electron transistor poses a concrete chal-
lenge to DFT. Recent progress, backed by improved local
approximations for the exchange-correlation functional
especially designed to yield the correct density deriva-
tive, have yielded accurate descriptions of the ground-
state conductance for the Anderson Hamiltonian. Unfor-
tunately, this approach has only been proven successful
in the region where it must give satisfactory results by
construction [18, 32].
To propose an alternative static approach, we have
combined concepts drawn from renormalization-group
theory with the notion that the thermal dependence of
the SET conductance is parametrized by the ground-
state expectation value for the quantum-dot occupation.
Chiefly important in this context is the progressive for-
mation of the screening cloud in the Kondo regime as the
Hamiltonian crosses over from a high- to a low-energy
fixed points. At high temperatures, the dot possesse a
magnetic moment. At low temperatures, the dot spin
forms a singlet with the conduction electrons.
Renormalization-group theory associates the high-
energy spectrum of the Anderson Hamiltonian with the
many-body spectrum of the local-moment fixed-point
Hamiltonian H∗LM , and the low-energy spectrum with
that of the frozen-level fixed-point H∗FL. At intermediate
energies, which correspond to the temperature range over
which the dot magnetic moment is screened, the model
Hamiltonian crosses over from the vicinity of H∗LM to the
vicinity of H∗FL.
The physical properties describing the SET crossover
are universal. In particular, as discussed in Section IIID,
the electrical conductance maps linearly onto a universal
function of the temperature scaled by the Kondo temper-
ature TK . The mapping is controlled by the dot occu-
pancy nd.
The linear mapping fits the experimental data by Gro-
bis et al. [21] with very small deviations. Nonetheless,
the resulting dot occupancies nd are substantially lower
than unity, and the asymmetry index of the device κ is
gate-voltage dependent and exceeds unity.
The thermal dependence of the conductance for the
Anderson model in the Kondo regime reproduces the ex-
perimental data very well, while non-universal aspects
of the same model offer a blurred picture of the SET
constructed by Grobis et al. [21]. Ab initio treatment
of the device is therefore necessary before quantitative
description of the experimental data becomes possible.
Given that universality simplifies the description of the
crossover from the high- to the low-temperature fixed
points, ab initio description of the high-energy fixed point
will suffice.
From a practical viewpoint, this is convenient, for in
contrast with the crossover the high-energy region yields
to perturbative treatment [22]. Moreover, the high-
energy fixed point having no characteristic energy scales,
its properties are temperature independent. The ground-
state energy of H∗LM can therefore be computed by stan-
dard DFT methods.
By contrast, the crossover to the FL fixed point calls
for special, non-perturbative mathematical procedures.
In this context, only the the Bethe-Ansatz [33] and the
numerical renormalization-group [20, 29, 30] approaches
have yielded exact of essentially exact results. The re-
maining challenge is to adapt one of those two methods,
so that the DFT treatment of the high-energy spectrum
can serve as input for the non-perturbative description of
the crossover. Current work is addressing that problem
[34].
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